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 Transitive Arcs in Planes of Even Order
 L . S TORME
 When one considers the hyperovals in  PG (2 ,  q ) , q  even ,  q  .  2 ,  then the hyperoval in
 PG (2 ,  4)  and the Lunelli – Sce hyperoval in  PG (2 ,  16) are the only hyperovals stabilized by a
 transitive projective group [10] . In both cases , this group is an irreducible group fixing no
 triangle in the plane of the hyperoval , nor in a cubic extension of that plane . Using Hartley’s
 classification of subgroups of  PGL 3 ( q ) , q  even [6] , all  k -arcs in  PG (2 ,  q ) fixed by a transitive
 irreducible group , fixing no triangle in  PG (2 ,  q ) or in  PG (2 ,  q 3 ) ,  are determined . This leads to
 new 18- , 36- and 72-arcs in  PG (2 ,  q ) , q  5  2 2 h .  The projective equivalences among the arcs are
 investigated and each section ends with a detailed study of the collineation groups of these arcs .
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 1 .  I NTRODUCTION
 A  k - arc K  in the projective plane  PG (2 ,  q ) ,  over the finite field  F q  of order  q ,  is a set
 of  k  points , no three of which are collinear . A point  p  of  PG (2 ,  q )  extends  a  k -arc  K  if f
 K  <  h  p j  is a ( k  1  1)-arc . A  k -arc  K  of  PG (2 ,  q ) is called  complete  if f it is not contained
 in a ( k  1  1)-arc of  PG (2 ,  q ) .
 The maximum value of  k  for which there exists a  k -arc in  PG (2 ,  q ) is  k  5  q  1  1 for  q
 odd and  k  5  q  1  2 for  q  even [7] . A celebrated result by B . Segre states that in
 PG (2 ,  q ) , q  odd , every ( q  1  1)-arc is a conic [7] . In contrast with the odd case , the
 classification of all ( q  1  2)-arcs , also called  hypero y  als ,  of  PG (2 ,  q ) , q  even , is an
 extremely hard problem . The best known example of a hyperoval is a  regular
 hyperoval , which is the union of a conic and its nucleus . Several other hyperovals , also
 called  irregular  hyperovals , are known . For a survey of the known infinite classes of
 hyperovals , we would like to refer to [8] .
 One of the first examples of an irregular hyperoval is the Lunelli – Sce hyperoval in
 PG (2 ,  16) ,  discovered in 1958 [11] . This 18-arc is projectively equivalent to the set of
 non-inflexional points of the two cubic curves  G a :  X
 3
 0  1  X
 3
 1  1  X
 3
 2  1  aX  0 X  1 X  2  5  0 and
 G a 4 :  X
 3
 0  1  X
 3
 1  1  X
 3
 2  1  a
 4 X  0 X  1 X  2  5  0 , a
 5  5  1 , a  ?  1 [4 ,  p . 228] and is fixed by a
 transitive projective group isomorphic to  ASL 2 (9)  .  3 2 :  4 .  M . Hall Jr . proved that the
 Lunelli – Sce hyperoval is fixed by a collineation group of order 144 isomorphic to
 AGL 2 (9)  3  k g l  .  3 2 :  8  3  2  for some involution  g  [5 ,  10] .  S . E . Payne and J . E . Conklin
 proved that this is the full collineation group of the hyperoval [14] .
 Both the projective and collineation group are irreducible groups , i . e . they do not fix
 a point or line , which do not fix a triangle in  PG (2 ,  16) or in a cubic extension of the
 plane .
 Using Hartley’s classification of the subgroups of  PGL 3 ( q ) , q  even , [6] all arcs in
 PG (2 ,  q ) , q  even , fixed by a transitive irreducible projective group , fixing no triangle in
 PG (2 ,  q ) or in  PG (2 ,  q 3 ) ,  are determined . This set of arcs consists of one sporadic
 example , the 6-arc in  PG (2 ,  4) fixed by a group isomorphic to  A 6  ,  two classes of 18-
 and 36-arcs fixed by a group of order 36 isomorphic to  ASL 2 (9) and one class of 72-arcs
 fixed by a group of order 72 isomorphic to  U 3 (2)  .  3 2 :  Q 8  .
 The first member of the infinite class of 18-arcs is the Lunelli – Sce hyperoval . The
 construction of these 18-arcs is similar to the one discussed by D . G . Glynn [4 , p . 228]
 for the Lunelli – Sce hyperoval . The 18-arcs always consist of nine non-inflexional
 757
 0195-6698 / 96 / 080757  1  12  $18 . 00 / 0  Ö  1996 Academic Press Limited
 L . Storme 758
 points of two cubic curves of a syzygetic pencil [7 , p . 271] . Regarding the construction
 of the 36- and 72-arcs , there are two possibilities . The 36-arc either is contained in a
 cubic curve or consists of 18 non-inflexional points of two cubic curves of a syzygetic
 pencil . The 72-arcs either are contained in a cubic curve or consist of 18 non-inflexional
 points on four cubic curves of a syzygetic pencil which form an equianharmonic tetrad
 [7 , p . 121] in the pencil .
 The projective equivalences among these arcs all are studied in detail , and each
 section discussing one of the three infinite classes ends with a detailed description of
 the collineation groups fixing the arcs .
 2 .  P RELIMINARY R ESULTS
 By Hartley [6] , the irreducible subgroups of  PGL 3 ( q ) ,q  5  2 h ,  fixing no triangle in
 PG (2 ,  q )  or in  PG (2 ,  q 3 ) ,  are  PGL 3 ( q 9 ) , L 3 ( q 9 ) , q 9  5  2
 m , m  3  h  (fixing a subplane
 PG (2 ,  q 9 )) , PGU 3 ( q 9 ) , U 3 ( q 9 ) , q 9  5  2
 m ,  2 m  3  h  (fixing a Hermitian curve in a subplane
 PG (2 ,  q 9 2 ))  [6 ,  Theorem 1] , a subgroup of index two in  U 3 (2) [6 , p . 157] and the group
 A 6  [6 , Theorem 8] .
 As indicated in [15 , Propositions 3 and 4] , for the first four infinite classes of groups ,
 only orbits under the action of  L 3 (2) and  U 3 (2) can be arcs . Therefore , we need only to
 investigate  L 3 (2) , A 6  , U 3 (2) and a subgroup of index two in  U 3 (2) .
 The first and second groups can easily be studied , as shown in the following
 theorems .
 T HEOREM 1 .  In PG (2 ,  q ) , q  5  2 h , h  >  1 , there does not exist an arc K fixed by a
 group L 3 (2) .
 P ROOF .  Suppose that  K  exists . Let  PG (2 ,  2) be the subplane of  PG (2 ,  q ) , q  even ,
 fixed by  L 3 (2) .  Clearly ,  K  >  PG (2 ,  2)  5  [ .
 Suppose that a point  x  of  K  does not belong to any line of  PG (2 ,  2) .  Consider a point
 u  of  PG (2 ,  2) .  The set of elations in  L 3 (2) with center  u  forms a subgroup of order four
 acting semi-regularly on  xu  \  h u j .  Then the line  xu  contains four points of  K ,  a
 contradiction .
 Hence , all points of  K  belong to lines of  PG (2 ,  2) and so  u K u  <  14 ,  which implies that
 a point of  K  is fixed by a subgroup  H  of  L 3 (2) having at least order 12 .
 Let  L :  X  0  5  0 be the line of  PG (2 ,  2) containing  x  P  K ,  so  x  5  (0 ,  1 ,  a ) , a  P  F 2 h , h  >  2 .
 If an element  a  of  L 3 (2) fixes  x ,  then  a  also fixes the conjugate points (0 ,  1 ,  a 2 ) ,
 (0 ,  1 ,  a 4 ) ,  .  .  .  .  This implies that if  a  ¸  F 4  ,  then  a  fixes at least three points on  L ,  so  a  is
 an elation with axis  L .  The group of elations in  L 3 (2) with axis  L  has order four , so  x
 cannot be fixed by a group of order at least 12 .
 Hence  a  P  F 4 and so  K  Õ  PG (2 ,  4) .  Since  L 3 (2) acts transitively on the lines of
 PG (2 ,  2) , K  is an arc in  PG (2 ,  4) having at least seven points . This is impossible . The
 arc  K  does not exist .  h
 T HEOREM 2 .  A k - arc K in PG (2 ,  q ) , q  5  q 2 h , h  $  1 , fixed by a projecti y  e group
 isomorphic to A 6  , is a hypero y  al in a subplane PG (2 ,  4) .
 P ROOF .  The group  A 6 is a subgroup of the projective special linear group  L 3 (4) [6 ,
 p . 158] fixing a subplane  PG (2 ,  4) of  PG (2 ,  q ) , q  5  2 2 h , h  >  1 .  In this subplane
 PG (2 ,  4) , A 6 fixes a hyperoval [15 , Proposition 7] .
 Let  A 6 fix the hyperoval  K  5  h (1 ,  0 ,  0) ,  (0 ,  1 ,  0) ,  (0 ,  0 ,  1) ,  (1 ,  1 ,  1) ,  (1 ,  v  ,  v  2 ) ,
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 (1 ,  v  2 ,  v  ) j  5  h  p 1  ,  .  .  .  ,  p 6 j ,  v  2  1  v  1  1  5  0 ,  of  PG (2 ,  4) ,  where  A 6 acts on the indices of
 the points  p i  in the natural way .
 Suppose that a second orbit  O  under  A 6 is a  k -arc . We will now look for a
 contradiction .
 First of all , all points of  O  belong to bisecants of  K .  For suppose the point
 p  5  (1 ,  a ,  b )  of  O  does not belong to a bisecant of  K .  Then  a  :  ( x 0  ,  x 1  ,  x 2 )  S  ( x 0  ,  x 0  1
 x 2  ,  x 0  1  x 1 )  and  b  :  ( x 0  ,  x 1  ,  x 2 )  S  ( x 0  ,  x 2  ,  x 1 ) are elements of  A 6 such that  p ,  a  (  p ) and
 b  (  p )  are three distinct collinear points . So  K  is not an arc .
 Now suppose that  p  5  (1 ,  a ,  0) is a point of  O  on the bisecant  X  2  5  0 of  K .  Then
 applying the element  g  :  ( x 0  ,  x 1  ,  x 2 )  S  ( x 0  ,  v x 1  ,  v  2 x 2 ) of  A 6 shows that  O  contains the
 three collinear points  p ,  g  (  p ) and  g  2 (  p ) .  Again ,  O  is not an arc .  h
 3 .  I NTRODUCTORY  R ESULTS TO THE  T HREE  I NFINITE C LASSES
 R EMARK 1 .  The last two groups which have to be investigated are  U 3 (2)  .  3 2 :  Q 8 and
 a subgroup  H  .  ASL 2 (9)  .  3 2 :  4 of index two in  U 3 (2) which fix a Hermitian curve  *  in
 a subplane  PG (2 ,  4) of  PG (2 ,  2 2 h ) .
 To simplify calculations , the generators of  H  and  U 3 (2) will first be described .
 Let  *  :  X  3 0  1  X
 3
 1  1  X
 3
 2  5  0 be the Hermitian curve in  PG (2 ,  4) fixed by  H  and  U 3 (2) .
 With  v  2  1  v  1  1  5  0 ,  *  5  h (0 ,  1 ,  1) ,  (0 ,  1 ,  v  ) ,  (0 ,  1 ,  v  2 ) ,  (1 ,  1 ,  0) ,  (1 ,  v  ,  0) ,  (1 ,  v  2 ,  0) ,
 (1 ,  0 ,  1) ,  (1 ,  0 ,  v  2 ) ,  (1 ,  0 ,  v  ) j  5  h  p 1  ,  .  .  .  ,  p 9 j .
 The subgroup of  U 3 (2) fixing  p 1 is isomorphic to the quaternion group  Q 8  5  h Ú i ,  Ú j ,
 Ú k , i 2  5  j 2  5  k 2 , e j ,  where
 i : 1  x 0 x 1
 x 2




 v  2
 1
 v  2
 v
 2 1  x 0 x 1
 x 2
 2  ,
 j : 1  x 0 x 1
 x 2
 2  S 1  1 v
 v
 v  2
 v  2
 v
 v  2
 v
 v  2
 2 1  x 0 x 1
 x 2
 2
 with  i  +  j  5  k  and  i 2  5  j 2  5  k 2 :  ( x 0  ,  x 1  ,  x 2 )  S  ( x 0  ,  x 2  ,  x 1 ) .
 A subgroup of index two in  U 3 (2) is always generated by the element
 h  :  ( x 0  ,  x 1  ,  x 2 )  S  ( x 1  ,  x 2  ,  x 0 )  of  U 3 (2) and one of the elements  i ,  j  or  k .  Since all three
 subgroups of index two in  U 3 (2) are isomorphic , only the subgroup  H  5  k h  ,  j l  will be
 used in this paper .
 The nine points of  *  define the nine points of inflexion of a  syzygetic pencil  of cubic
 curves  G a :  X
 3
 0  1  X
 3
 1  1  X
 3
 2  1  aX  0 X  1 X  2  5  0 , a  P  F
 1
 q  5  F q  <  h  `  j ,  where  a  5  `   defines the
 triangle  X  0 X  1 X  2  5  0 [7 ,  p . 271] .
 When looking for the action of  i ,  j  and  k  on these curves ,
 i ( G a )  5  G a /( a 1 1) ,  j ( G a )  5  G a /( a v  2 1 1)  and  k ( G a )  5  G a /( a v 1 1) ,
 while  i 2 and  h  stabilize  G a  .  Hence , each orbit under  H  consists of points on  G 0 or of
 points on two cubic curves  G a  and  G a /( a v  2 1 1) ,  while each orbit under  U 3 (2) is contained
 in  G 0 or consists of points on four cubic curves  G a  ,  G a /( a 1 1) ,  G a /( a v  2 1 1) and  G a /( a v 1 1)
 forming an equianharmonic tetrad in the pencil [7 , p . 121] .
 The cosets  H j  of  H  in  PGU 3 (2) also are of interest in the next sections . These cosets
 are determined by  j  1 :  ( x 0  ,  x 1  ,  x 2 )  S  ( v x 0  ,  x 1  ,  x 2 ) ,  j  2 1 , i ,  j  1  +  i  and  i  +  j  2 1 .
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 R EMARK 2 .  Since , in  PG (2 ,  4) ,  the hyperoval is the only  k -arc ,  k  >  5 ,  fixed by an
 irreducible group , we will look for  k -arcs in  PG (2 ,  2 2 h )  \  PG (2 ,  4) .
 Before describing these arcs , we will determine the order of the orbits of  H  and
 U 3 (2)  in  PG (2 ,  2
 2 h )  \  PG (2 ,  4) .
 The groups  H  and  U 3 (2) have a unique normal subgroup  H 1 of order nine generated
 by  h  (see Remark 1) and  z  :  ( x 0  ,  x 1  ,  x 2 )  S  ( x 0  ,  v x 1  ,  v  2 x 2 ) .  Each element of  H 1  \  h e j  fixes
 a triangle in  PG (2 ,  4) .
 All other non-identity elements of  U 3 (2) have order four or two . In  H  and  U 3 (2) ,
 there are precisely nine involutions . The center of such an involution is a point  r  of  *
 and the axis is the tangent line to  *  at  r .
 An element  a  of order four in  U 3 (2) only fixes one point  r ,  belonging to  *  , and  a  2
 always is the unique elation in  U 3 (2) with center  r .
 This shows that the orbits under  H  in  PG (2 ,  2 2 h )  \  PG (2 ,  4) have orders 18 and 36 ,
 whereas the orbits under  U 3 (2) in  PG (2 ,  2
 2 h )  \  PG (2 ,  4) have sizes 36 and 72 .
 An orbit of size 18 under  H  consists of 18 points belonging in pairs to the nine
 tangent lines to  *  in  PG (2 ,  4) .  Similarly , an orbit of size 36 under  U 3 (2) consists of 36
 points belonging in quadruples to the nine tangent lines to  *  in  PG (2 ,  4) .  This
 immediately shows that none of these orbits are 36-arcs .
 Hence , only the orbits of sizes 18 and 36 under  H ,  and the orbits of size 72 under
 U 3 (2) ,  need to be investigated .
 R EMARK 3 .  Before starting the study of the 18- , 36- and 72-arcs , attention is drawn to
 the following permutation groups which will be frequently used in the subsequent
 sections .
 Since the incidence structure formed by the nine points of  *  and the 3-secants of  *
 is the af fine plane of order three ,  P G U 3 (2)  .  AGL 3 (3) .  As the finite field  F 9 is also a
 vector space of dimension two over  F 3 , the group  A G L 3 (9)  5  h t  S  at θ  1  b  i  a  P  F 9  \  h 0 j ,
 b , t  P  F 9 and with  θ  an automorphism of  F 9 j  is isomorphic to a subgroup of order 144 of
 P G U 3 (2)  .  AGL 3 (3) .  As  P G U 3 (2) only has three conjugate subgroups of order 144 , one
 of which is  P  ¸  U 3 (2) ,  we have  A G L 2 (9)  .  P  ¸  U 3 (2) .
 By Zassenhaus [13 , p . 259] , a sharply 2-transitive permutation group of degree nine
 is always isomorphic to a subgroup of  A G L 2 (9) .  From  A G L 2 (9) ,  it is easy to deduce
 these sharply 2-transitive groups . They are  AGL 2 (9)  .  3 2 :  8 ,  which is the set  h t  S
 at  1  b  i  a  P  F 9  \  h 0 j , b , t  P  F 9 j  and  U 3 (2)  .  3 2 :  Q 8 which , as a subgroup of  A G L 2 (9) ,  is
 isomorphic to  ASL 2 (9)  <  h t  S  at 3  1  b  i  a  non-square in  F 9 ,  b , t  P  F 9 j .
 Determining if a sharply 2-transitive permutation group  G  of degree nine is
 isomorphic to  AGL 2 (9) or  U 3 (2) can be done in an easy way by looking at the stabilizer
 of a point . For  AGL 2 (9) ,  this stabilizer is a cyclic group of order eight , while for  U 3 (2) ,
 this group is the quaternion group  Q 8 .
 A third permutation group of degree nine which will be of interest to us is the group
 A ¸  L 2 (9)  5  h t  S  at θ  1  b  i  a  square in  F 9  \  h 0 j ,  b , t  P  F 9  ,  θ  an automorphism of  F 9 j  .
 3 2 :  D 8 .
 These three groups of order 72 are , up to conjugacy , the only subgroups of order 72
 in  P G U 3 (2) .
 Using these remarks , we are now ready to study the three classes of arcs .
 4 .  A C LASS OF  18-A RCS
 T HEOREM 3 .  Let t be a primiti y  e element of  F 1 6  , t
 4  1  t  1  1  5  0 , and let  v  be a
 primiti y  e cubic root of unity .
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 An  18- arc in PG (2 ,  2 2 h ) , h  >  2 , stabilized by a subgroup of index two in U 3 (2)  is
 projecti y  ely equi y  alent to a set
 K  5  h ( a ,  1 ,  1) , ( a ,  v  ,  v  2 ) , ( a ,  v  2 ,  v  ) , (1 ,  1 ,  a ) , (1 ,  v  ,  v  2 a ) , (1 ,  v  2 ,  v a ) , (1 ,  a ,  1) , (1 ,  v a ,  v  2 ) ,
 (1 ,  v  2 a ,  v  ) ,  ( a ,  a v  1  1 ,  a v  1  1) ,  ( a ,  a v  2  1  v  ,  a  1  v  2 ) ,  ( a ,  a  1  v  2 ,  a v  2  1  v  ) ,
 ( a v  1  1 ,  a v  1  1 ,  a ) ,  ( a v  1  1 ,  a v  2  1  v  ,  a v  2 ) ,  ( a v  1  1 ,  a  1  v  2 ,  a v  ) ,
 ( a v  1  1 ,  a ,  a v  1  1) ,  ( a v  1  1 ,  v a ,  a  1  v  2 ) ,  ( a v  1  1 ,  a v  2 ,  a v  2  1  v  ) j
 5  h r 1  ,  .  .  .  ,  r 1 8 j ,
 with a  P  F 2 2 h  \  F 1 6  , h  >  3 , or a  P  h t 2  1  1 , t  2 , t 3  1  t , t  3  1  t 2 j  if a  P  F 1 6  .
 P ROOF .  By Remark 2 , such an 18-arc is projectively equivalent to a 18-arc  K
 consisting of 18 points belonging , in pairs , to the nine tangent lines to  *  :  X  3 0  1  X  3 1  1
 X  3 2  5  0  in  PG (2 ,  4) .
 If ( a ,  1 ,  1) is one of the two points of  K  on the tangent line to  *  at (0 ,  1 ,  1) , then
 applying all elements of  H  5  k h  ,  j l  gives the 18-arc written above .
 Using AXIOM [9] , it was verified that this set is an 18-arc if  a  P  F 2 2 h  \  F 1 6  , h  >  3 ,  or
 a  P  h t 2  1  1 ,  t 2 ,  t 3  1  t ,  t 3  1  t 2 j  if  a  P  F 1 6  .  h
 As observed in Remarks 1 and 2 , the 18-arc  K  of Theorem 3 consists of nine points
 on two cubic curves  G a 2 and  G a  2 /( a  2 v  2 1 1) .
 The points are written in such a way that  r i  P  G a  2 ,  1  <  i  <  9 , r i  P  G a  2 /( a  2 v  2 1 1) ,
 10  <  i  <  18 ,  and such that  r i  and  r i 1 9 belong to the tangent line to  *  at  p i  ,  1  <  i  <  9
 (Remark 1) .
 When  a  P  F 1 6  ,  this 18-arc is the Lunelli – Sce hyperoval [4 ,  11] which is the unique
 irregular hyperoval in  PG (2 ,  16) .  So the four values of  a  in  F 1 6 determine equivalent
 18-arcs .
 The next theorem describes these values of  a  which give projectively equivalent
 18-arcs .
 T HEOREM 4 .  Using the notation of Theorem  3 , the  18- arc K containing the points
 ( a ,  1 ,  1) and  ( a  / ( a v  1  1) ,  1 ,  1)  on X  1  5  X  2  is projecti y  ely equi y  alent to the  18- arc i ( K )
 containing the points  ( a  / ( a  1  1) ,  1 ,  1)  and  ( a  / ( a v  2  1  1) ,  1 ,  1)  on X  1  5  X  2  .
 P ROOF .  If two of the 18-arcs  K 1 and  K 2  ,  written in Theorem 3 , are projectively
 equivalent to  j  ( K 1 )  5  K 2  ,  then  j H j
 2 1  5  H ,  since both arcs are fixed by  H .  Also ,
 j  P  PGU 3 (2) ,  since the Hermitian curve  * :  X
 3
 0  1  X
 3
 1  1  X
 3
 2  5  0 in the subplane  PG (2 ,  4)
 is the only orbit of order nine under  H .
 Checking the coset representatives of  H  in  PGU 3 (2) written in Remark 1 yields that
 only the elements in  Hi  normalize  H ,  so only the arcs  K  and  i ( K ) are projectively
 equivalent .
 If  K  contains ( a ,  1 ,  1) and ( a  / ( a v  1  1) ,  1 ,  1) ,  then  i ( K ) contains the points
 ( a  / ( a  1  1) ,  1 ,  1)  and ( a  / ( a v  2  1  1) ,  1 ,  1) ,  so the 18-arcs containing these points are
 projectively equivalent .  h
 This theorem shows the uniqueness of the Lunelli – Sce hyperoval in  PG (2 ,  16) 
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 regarded as a hyperoval fixed by  H .  As mentioned in the introduction , the Lunelli – Sce
 hyperoval is stabilized by a collineation group of order 144 isomorphic to  AGL 2 (9)  3
 k  g l ,  for some involution  g .
 The collineation groups of the 18-arcs of Theorem 3 will now be investigated in the
 next theorem .
 T HEOREM 5 .  Let K be the  18- arc of Theorem  3 . Thus :
 (a)  if a θ  5  a  / ( a v  1  1) ,  θ  5  2 2 l  , then K is stabilized by a collineation group isomorphic to
 H  3  k  g l  .  3 2 :  4  3  2 , for some in y  olution g .
 (b)  If a θ  5  a  / ( a  1  1)  or a θ  5  a  / ( a v  2  1  1)  for some  θ  5  2 2 l , then K is stabilized by a
 collineation group isomorphic to U 3 (2)  .  3 2 :  Q 8  .
 (c)  If a θ  5  v  2 a  / ( a  1  1)  or a θ  5  v  2 a  / ( a v  2  1  1)  for some  θ  5  2 2 l 1 1 , then K is stabilized by
 a collineation group isomorphic to AGL 2 (9)  3  k g l  .  3 2 :  8  3  2  for some in y  olution g .
 (d)  If a θ  5  v  2 a or a  θ  5  v  2 a  / ( a v  1  1)  for some  θ  5  2 2 l 1 1 , then K is stabilized by a
 collineation group isomorphic to A ¸  L 2 (9)  .  3 2 :  D 8 .
 P ROOF .  Let  θ  5  2 2 l  and suppose that  x#  T  :  ( x 0  ,  x 1  ,  x 2 ) T  S  A ( x θ 0  ,  x  θ 1  ,  x θ 2 ) T  5  A ( x#  θ  ) T
 stabilizes the arc  K  of Theorem 3 .
 Since the field automorphism defined by  θ  leaves invariant  F 4 , as  H  #  L 3 (4) , x #  S  x#  θ
 maps the 18-arc  K ,  containing ( a ,  1 ,  1) and ( a ,  a v  1  1 ,  a v  1  1) on the tangent line
 L :  X  1  5  X  2  to  *  at (0 ,  1 ,  1) , onto the 18-arc  K θ  containing ( a  θ  ,  1 ,  1) and ( a  θ  ,  a  θ v  1
 1 ,  a  θ v  1  1)  on  L ,  whereas  x#  T  S  Ax #  T  maps  K θ  onto  K .
 By Theorem 4 ,  K θ  5  K  or  K θ  5  i ( K ) ,  so  a  θ  P  h a ,  a  / ( a v  1  1) j  or  a  P  h a  / ( a  1  1) ,
 a  / ( a v  2  1  1) j .
 The possibility  a θ  5  a  only means that  K  is defined in the subplane  PG (2 ,  θ  ) of
 PG (2 ,  q ) ,  so it does not give new information .
 If  a θ  5  a  / ( a v  1  1) ,  then  g :  x#  S  x#  θ  ,  θ  5  2 2 l ,  fixes  K ,  so that  K  is fixed by a collineation
 group  H  3  k g l .
 If  a θ  5  a  / ( a  1  1) or  a θ  5  a  / ( a v  2  1  1) ,  then  g :  x#  T  S  A ( x#  θ  ) T ,  with  A  the matrix of  i
 (see Remark 1) , stabilizes  K .  In both cases , the collineation group  k g ,  H l  is a group of
 order 72 which is isomorphic to the group  U 3 (2) since  g  acts as  i  (Remark 1) on  *  .
 If  θ  5  2 2 l 1 1 and  x#  T  S  A ( x#  θ  ) T  stabilizes  K ,  then  x#  S  x#  θ  maps  K  onto  K θ  which is an
 18-arc fixed by the subgroup  H θ  5  k k ,  h  l  in  U 3 (2) .  Consequently , since  j  :  x#  T  S  Ax #  T
 maps  K θ  onto  K ,  j  2 1 H j  5  H  θ .
 As in the proof of Theorem 4 ,  j  P  PGU 3 (2) ,  so  j  can be selected among the coset
 representatives of  H  in  PGU 3 (2) .  Of these representatives , only  j  1 :  ( x 0  ,  x 1  ,  x 2 )  S
 ( v x 0  ,  x 1  ,  x 2 )  (see Remark 1) and  j  2  5  j  1  +  i :  ( x 0  ,  x 1  ,  x 2 )  S  ( v x 0  1  v x 1  1  v x 2  , x 0  1  v x 1  1
 v  2 x 2  , x 0  1  v
 2 x 1  1  v x 2 ) satisfy  j
 2 1
 u  H j u  5  H
 θ  , u  5  1 , 2 .
 With  A  the matrix of  j  1  , x #  T  S  A ( x#  θ  ) T  maps the two points ( a ,  1 ,  1) and ( a ,  a v  1
 1 ,  a v  1  1)  of  K ,  on  X  1  5  X  2  ,  onto the two points ( v a
 θ  ,  1 ,  1) and ( v a  θ  ,  a  θ v  2  1
 1 ,  a  θ v  2  1  1) ,  whereas if  A  is the matrix of  j  2  ,  then  x#
 T  S  A ( x#  θ  ) T  maps ( a ,  1 ,  1) and
 ( a ,  a v  1  1 ,  a v  1  1)  onto ( v a  θ  ,  a θ  1  1 ,  a  θ  1  1) and ( v a  θ  ,  v a  θ  1  1 ,  v a  θ  1  1) .  In the first
 case , if ( a ,  1 ,  1)  5  ( v a θ  ,  1 ,  1) ,  then  a  θ  5  v  2 a ,  or if ( a ,  1 ,  1)  5  ( v a  θ  / ( v  2 a  θ  1  1) ,  1 ,  1) ,
 then  a θ  5  v  2 a  / ( a v  1  1) ,  whereas in the second case , either ( a ,  1 ,  1)  5  ( v a  θ  / ( a θ  1  1) ,
 1 ,  1) ,  so  a θ  5  v  2 a  / ( v  2 a  1  1) ,  or ( a ,  1 ,  1)  5  ( v a θ  / ( v a θ  1  1) ,  1 ,  1) ; hence  a  θ  5  v  2 a  / ( a  1  1) .
 First of all , consider  a θ  5  v  2 a  / ( a  1  1) or  a θ  5  v  2 a  / ( a v  2  1  1) .  Both possibilities are
 equivalent since if  a θ  5  v  2 a  / ( a  1  1) ,  then  a  θ
 3
 5  v  2 a  / ( a v  2  1  1) .
 For  a θ  5  v  2 a  / ( a  1  1) , i  +  j  ,  with  j  :  ( x 0  ,  x 1  ,  x 2 )  S  ( v x  θ 0  ,  x θ 1  ,  x  θ 2 ) stabilizes  K .  This
 collineation extends  H  to a group of order 144 isomorphic to  AGL 2 (9)  3  k g l ,  with
 g :  x#  S  x#  θ
 2
 .
 If  a θ  5  v  2 a  or  a  θ  5  v  2 a  / ( a v  1  1) ,  then  j  :  ( x 0  ,  x 1  ,  x 2 )  S  ( v x θ 0  ,  x  θ 1  ,  x  θ 2 ) fixes  K .
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 This group  k j  ,  H l  of order 72 , acts 1- , but not 2- , transitively on the nine points of  *  .
 So , by Remark 3 ,  k j  ,  H l  .  A ¸  L 2 (9) .  h
 R EMARK 4 .  The 18-arcs constructed above can only be complete in  PG (2 ,  16) and in
 PG (2 ,  64)  [7 , p . 205] .
 It is trivial that the 18-arcs in  PG (2 ,  16) are complete . In this plane , they coincide
 with the Lunelli – Sce hyperovals .
 By using CAYLEY [2] , it was checked that none of the 15 distinct 18-arcs in
 PG (2 ,  64)  are complete . Depending on the 18-arc , they can be extended by the points
 of 1 , 3 or 6 orbits of size 36 under  H  to a 19-arc .
 Therefore , the following result on the completeness of these 18-arcs is valid .
 T HEOREM 6 .  The Lunelli  – Sce hypero y  al in PG (2 ,  16)  is the only complete  18- arc in
 PG (2 ,  2 2 h ) , h  >  2 , stabilized by a subgroup of index two in U 3 (2) .
 5 .  A C LASS OF  36- ARCS
 Let (1 ,  x ,  y )  P  PG (2 ,  2 2 h )  \  PG (2 ,  4) be a point which does not lie on a tangent line to
 * :  X  3 0  1  X
 3
 1  1  X
 3
 2  5  0 in  PG (2 ,  4) .  Then such a point describes an orbit of size 36 under
 H  (Remark 2) .
 The following theorem shows that some of those orbits are 36-arcs .
 T HEOREM 7 .  We use the notation as in Remarks  1 ,  2  and  3 .
 In PG (2 ,  2 2 h ) , h  >  4 , there exist  36- arcs fixed by the group H .
 Such a  36- arc either consists of  18  non - inflexional points on two cubic cur y  es  G a and
 G a /( a v  2 1 1) or is contained in the cubic cur y  e  G 0 :  X
 3
 0  1  X
 3
 1  1  X
 3
 2  5  0 .
 P ROOF .  A 36-arc fixed by  H  can only exist in  PG (2 ,  2 2 h ) , h  >  3 .
 Using CAYLEY [2] , it was found that in  PG (2 ,  64) no orbit of size 36 under  H  is a
 36-arc . Again using CAYLEY , in  PG (2 ,  256) ,  with  F 2 5 6 defined by the primitive
 polynomial  X  8  1  X  4  1  X  3  1  X  2  1  1 ,  and in  PG (2 ,  1024) ,  with  F 1 0 2 4 defined by the
 primitive polynomial  X  1 0  1  X  3  1  1 ,  the orbit of the point (1 ,  w ,  w 2 ) ,  where  w  is a
 primitive root , is a 36-arc .
 Using these arcs , the existence of 36-arcs in  PG (2 ,  2 2 h ) , h  >  6 ,  easily follows . For ,
 take a point (1 ,  x ,  y ) of  PG (2 ,  2 2 h ) and suppose that the orbit of this point under  H
 consists of the points (  f i ( x ,  y ) , g i ( x ,  y ) , h i ( x ,  y )) , i  5  1 ,  .  .  .  ,  36 ,  where  f i  , g i  , h i  ,
 i  5  1 ,  .  .  .  ,  36 ,  are linear combinations of  x  and  y ,  defined over  F 4 since the matrices of
 the elements of  H  are defined over  F 4 . Let (  f 1 ( x ,  y ) , g 1 ( x ,  y ) , h 1 ( x ,  y ))  5  (1 ,  x ,  y ) .
 Considering  x  and  y  as variables , a determinant
 )  1 f i ( x ,  y )
 f j ( x ,  y )
 x
 g i ( x ,  y )
 g j ( x ,  y )
 y
 h i ( x ,  y )
 h j ( x ,  y )
 )  5  H i j ( x ,  y ) ,
 2  <  i  ,  j  <  36 ,  cannot be identically zero , or else this determinant is also zero for three
 points of those 36-arcs in  PG (2 ,  256) and in  PG (2 ,  1024) .
 In other words ,  H i j ( x ,  y ) is a polynomial in  x  and  y  of degree at most three .
 In order to verify whether the orbit of a point (1 ,  x ,  y ) under  H  is a 36-arc , the
 determinants defined by (1 ,  x ,  y ) and two other points of this orbit need to be
 L . Storme 764
 calculated and it needs to be checked whether they are zero . Hence , 35  ?  34 / 2  5  595
 determinants need to be checked , which gives 595 polynomials  H i j ( x ,  y ) of degree at
 most three .
 In  PG (2 ,  q ) , q  5  2 2 h , h  >  6 ,  these polynomials  H i j ( x ,  y ) define algebraic curves
 D i j :  H i j ( X ,  Y )  5  0  with deg  D i j  <  3 .  Such a curve  D i j  can be absolutely irreducible , then
 u D i j u  <  q  1  1  1  2 4 q  [7 , p . 228] , the union of a conic and a line , then  u D i j u  <  2( q  1  1) or
 the union of three lines , then  u D i j u  <  3( q  1  1) .
 Therefore at most 595  ?  3( q  1  1) points (1 ,  x ,  y ) in  PG (2 ,  q ) can belong to such a
 curve  D i j  .
 If  q  >  4096 ,  then 595  ?  3( q  1  1)  ,  u PG (2 ,  q ) u ,  so there is a point (1 ,  x ,  y ) not
 belonging to any of these curves  D i j  .  The orbit of this point is a 36-arc .
 As described in Remark 1 , the orbit of (1 ,  x ,  y ) either is contained in  G 0 or consists of
 18 non-inflexional points on two cubic curves  G a  and  G a /( a v  2 1 1) .  h
 R EMARK 5 .  As for the 18-arcs , a 36-arc  K  is only projectively equivalent to the 36-arc
 i ( K ) .
 Describing the precise values of  x  and  y  for which the orbit of (1 ,  x ,  y ) under  H  is a
 36-arc is , in a certain sense , hopeless . The list of distinct curves  D i j  is too long to
 enumerate and this makes the study of these arcs more complicated .
 Using CAYLEY [2] , with  w  a primitive root , it was found that the orbit under  H  of
 (1 ,  w ,  w 4 0 )  in  PG (2 ,  256) ,  with  F 2 5 6 defined by  X  8  1  X  4  1  X  3  1  X  2  1  1 ,  (1 ,  w  3 ,  w  1 0 8 ) in
 PG (2 ,  1024) ,  with  F 1 0 2 4 defined by  X
 1 0  1  X  3  1  1 ,  and of (1 ,  w 5 ,  w  7 0 3 ) in  PG (2 ,  4096) ,
 with  F 4 0 9 6 defined by  X
 1 2  1  X  6  1  X  4  1  X  1  1 ,  are 36-arcs contained in  G 0 :  X
 3
 0  1  X
 3
 1  1
 X  3 2  5  0 .
 These examples then imply the existence of 36-arcs , fixed by  H  and contained in  G 0 ,
 in all planes  PG (2 ,  2 2 h ) , h  >  7 ; for the existence of 36-arcs contained in  G 0 in the planes
 of order 256 , 1024 and 4096 immediately shows that  G 0 is not one of the curves  D i j
 (Theorem 7) .
 Then , by the Theorem of Bezout ,  G 0 has at most 595  ?  9 points in common with all
 595 curves  D i j  .  But , by the Hasse – Weil bound [7 , p . 228] ,  u G 0 u  $  q  1  1  2  2 4 q  .  595  ?  9 if
 q  5  2 2 h , h  $  7 .  So such 36-arcs contained in  G 0 exist in  PG (2 ,  q ) , q  5  2
 2 h , h  $  7 .
 In the following theorem , the collineation groups of the 36-arcs , discussed in
 Theorem 7 , are studied . The collineation groups are characterized by looking at the
 action of these groups on the points  p 1  ,  .  .  .  ,  p 9 of  *  in  PG (2 ,  4) (Remark 1) .
 T HEOREM 8 .  Let K be a  36- arc fixed by H and let K  θ  be the image of K under
 j  :  x#  5  x#  θ  ,  θ  5  2 i . Then :
 (a)  If K θ  5  K ,  θ  5  2 2 l , then K is fixed by a collineation group isomorphic to  k j  l  3  H still
 acting as the group H on  * .
 (b)  If K θ  5  i ( K ) ,  θ  5  2 2 l  , then K is fixed by a collineation group which induces the
 group U 3 (2)  on  * .
 (c)  If  z  1 ( K )  5  K , with  z  1 :  ( x 0  ,  x 1  ,  x 2 )  S  ( v x  θ 0  ,  x θ 1  ,  x  θ 2 ) ,  θ  5  2 2 l 1 1 , then K is fixed by a
 collineation group inducing the group A ¸  L 2 (9)  on  * .
 (d)  If  z  2 ( K )  5  K , with  z  2 :  ( x 0  ,  x 1  ,  x 2 )  S  ( v x  θ 0  1  v x  θ 1  1  v x  θ 2  , x θ 0  1  v x θ 1  1  v  2 x  θ 2  , x θ 0  1
 v  2 x θ 1  1  v x
 θ
 2 ) ,  θ  5  2 2 l 1 1 , then K is fixed by a collineation group inducing the group
 AGL 2 (9) on  * .
 P ROOF .  The proof largely follows that of Theorem 5 .
 If  θ  5  2 2 l ,  then from the first part of that proof ,  K θ  5  K  or  K θ  5  i ( K ) .  The first case
 implies that  K  is fixed by a collineation group ( z  )  3  H .
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 The second case implies that  j  2 :  x#
 T  S  A ( x#  θ  ) T ,  with  A  the matrix of  i  (Remark 1) ,
 fixes  K .
 This shows that  K  is fixed by a collineation group inducing the group  U 3 (2) on  *  .
 To study collineations  x#  T  S  A ( x#  θ  ) T ,  θ  5  2 2 l 1 1 ,  which fix  K ,  we repeat the argument
 presented in the proof of Theorem 5 .
 The mapping  f  :  x#  T  S  Ax #  T  must map  K θ  ,  fixed by  H  θ  5  k k ,  h  l ,  onto  K  fixed by
 H  5  k j ,  h  l ,  and so  f 2 1 H f  5  H  θ .
 As stated in the proof of Theorem 5 , for  f  we can select  j  1 :  ( x 0  ,  x 1  ,  x 2 )  S
 ( v x 0  ,  x 1  ,  x 2 )  or  j  2  5  j  1  +  i :  ( x 0  ,  x 1  ,  x 2 )  S  ( v x 0  1  v x 1  1  v x 2  , x 0  1  v x 1  1  v  2 x 2  , x 0  1
 v  2 x 1  1  v x 2 ) .
 When  z  1 :  ( x 0  ,  x 1  ,  x 2 )  S  ( v x θ 0  ,  x  θ 1  ,  x θ 2 ) fixes  K ,  then , as in the proof of Theorem 5 ,  K  is
 fixed by a collineation group inducing the group  A ¸  L 2 (9) on  *  .
 If  z  2 :  ( x 0  ,  x 1  ,  x 2 )  S  ( v x θ 0  1  v x  θ 1  1  v x  θ 2  , x  θ 0  1  v x  θ 1  1  v  2 x  θ 2  , x θ 0  1  v  2 x  θ 1  1  v x θ 2 ) fixes  K ,
 then , from the proof of Theorem 5 ,  K  is fixed by a collineation group inducing the
 group  AGL 2 (9) on  *  .  h
 R EMARK 6 .  These 36-arcs only can be complete in  PG (2 ,  256) [7 ,  p . 205] .
 Looking at the completeness of the examples presented above , a partial computer
 search indicates that the two 36-arcs defined by the orbits of (1 ,  w ,  w 2 ) and (1 ,  w  3 ,  w  4 0 ) ,
 w 8  1  w  4  1  w  3  1  w  2  1  1  5  0 ,  under  H ,  are far from complete . More than 2  ?  q  5  512
 points were found extending the 36-arc to a 37-arc .
 Taking into consideration the results presented in Section 6 , it is obvious that some
 of the 36-arcs are contained in the 72-arcs studied in that section . For the completeness
 of these 72-arcs in  PG (2 ,  256) ,  we would like to refer to Remark 8 .
 6 .  A C LASS OF  72- ARCS
 Consider again a point (1 ,  x ,  y ) of  PG (2 ,  2 2 h )  \  PG (2 ,  4) which does not lie on a
 tangent line to  *  :  X  3 0  1  X
 3
 1  1  X
 3
 2  5  0 in  PG (2 ,  4) .
 Then (1 ,  x ,  y ) describes an orbit of size 72 under  U 3 (2) ,  contained in  G 0 :  X
 3
 0  1  X
 3
 1  1
 X  3 2  5  0  or consisting of 18 non-inflexional points on four cubic curves  G a  ,  G a /( a 1 1) ,
 G a /( a v  2 1 1)  and  G a /( a v 1 1) ,  forming an equianharmonic tetrad in the syzygetic pencil
 (Remark 1) .
 T HEOREM 9 .  We use the group U 3 (2)  described in Remark  1 .
 In PG (2 ,  2 2 h ) , h  >  4 , there exist  72- arcs K fixed by U 3 (2) .
 Such an arc K is projecti y  ely equi y  alent to  j  1 ( K )  and  j
 2
 1 ( K )  with  j  1 :  ( x 0  ,  x 1  ,  x 2 )  S
 ( v x 0  ,  x 1  ,  x 2 ) .
 P ROOF .  Using CAYLEY [2] , it was found that the orbit of the point (1 ,  w ,  w 8 ) in
 PG (2 ,  256) ,  of (1 ,  w ,  w 2 ) in  PG (2 ,  1024) and in  PG (2 ,  4096) ,  where  F 2 5 6 ,  F 1 0 2 4 and  F 4 0 9 6
 are defined as above and with  w  a primitive root , are 72-arcs fixed by  U 3 (2) .
 From these arcs , as in the proof of Theorem 7 , the existence is proved of 72-arcs  K
 fixed by  U 3 (2) in the planes  PG (2 ,  2
 2 h ) , h  >  7 .
 If two such 72-arcs ,  K 1 and  K 2  ,  with  h  ( K 1 )  5  K 2  ,  are projectively equivalent , then
 h  P  PGU 3 (2) ,  since  h  must fix  *  as it is the only orbit under  U 3 (2) of size 9 , and
 h U 3 (2) h
 2 1  5  U 3 (2) .
 It is suf ficient to take one representative of each coset of  U 3 (2) in  PGU 3 (2) ,  and this
 representative can be selected to be  j  1 or  j
 2
 1 .  So  K ,  j  1 ( K ) and  j
 2
 1 ( K ) are projectively
 equivalent .  h
 R EMARK 7 .  In order to check whether a point (1 ,  x ,  y ) is collinear with two other
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 points of its orbit under  U 3 (2) ,  71  ?  70 / 2  5  2485 determinants , all of which give an
 algebraic curve  D i j  ,  have to be calculated .
 As for the 36-arcs , these curves  D i j  are too many to enumerate . Therefore here also it
 is impossible to list the precise values of  x  and  y  for which the orbit of (1 ,  x ,  y ) is a
 72-arc .
 One important computer result needs to be presented . Using CAYLEY , it was found
 that in  PG (2 ,  256) ,  there does not exist a 72-arc fixed by  U 3 (2) and contained in  G 0 . In
 the next planes which were investigated , 72-arcs stabilized by  U 3 (2) and contained in  G 0
 were found . Our results show that the orbit of (1 ,  w  3 ,  w  1 0 8 ) in  PG (2 ,  1024) ,  of
 (1 ,  w  5 ,  w  7 0 3 )  in  PG (2 ,  4096) ,  with  F 1 0 2 4 and  F 4 0 9 6 defined as above , and with  w  a
 primitive root , and of (1 ,  w  1 1 ,  w  2 4 2 1 ) in  PG (2 ,  16384) ,  with  w  1 4  1  w  7  1  w  5  1  w 3  1  1  5  0 ,
 is a 72-arc contained in  G 0 .
 From these examples , using the argument in Remark 5 , the existence of 72-arcs in
 PG (2 ,  2 2 h ) , h  .  7 ,  fixed by  U 3 (2) and contained in  G 0 , follows .
 The discussion concerning the collineation groups fixing the 72-arcs is easier than in
 the previous cases , since all of the collineations  x#  S  x#  θ  with  θ  5  2 2 l  and  θ  5  2 2 l 1 1 fix the
 group  U 3 (2) .
 If  x#  T  S  A ( x#  θ  ) T  fixes such a 72-arc  K ,  then  j  :  x#  T  S  Ax #  T  maps  K θ  onto  K ,  which
 shows that  K θ  and  K  are projectively equivalent . This implies that for  j  we can choose
 j  5  e ,  the identity ,  j  5  j  1 or  j  5  j  2 1 (Theorem 9) .
 T HEOREM 10 .  (a)  If K θ  5  K for some collineation x #  S  x#  θ  ,  θ  5  2 2 l  , then K is fixed by a
 collineation group still inducing the group U 3 (2)  on  * .
 (b)  If  j  1 ( K
 θ  )  5  K or  j  2 1 ( K
 θ  )  5  K for some collineation x #  S  x#  θ  ,  θ  5  2 2 l , then K is fixed by
 a collineation group inducing the group PGU 3 (2)  .  3 2 :  Q 8 :  3  on  * .
 (c)  If K θ  5  K for a collineation x #  S  x#  θ  ,  θ  5  2 2 l 1 1 , then K is fixed by a collineation group
 inducing the group P  ¸  U 3 (2)  .  3 2 :  Q 8 :  2  on  * .
 (d)  If  j  1 ( K
 θ  )  5  K or  j  2 1 ( K
 θ  )  5  K for some collineation x #  S  x#  θ  ,  θ  5  2 2 l 1 1 , then K is fixed
 by a collineation group inducing the group P  ¸  U 3 (2)  .  3 2 :  Q 8 :  2  on  * .
 P ROOF .  Only case (d) will be discussed . Cases (a) , (b) and (c) are proved
 analogously .
 The collineation ( x 0  ,  x 1  ,  x 2 )  S  ( v x  θ 0  ,  x θ 1  ,  x  θ 2  ) induces the permutation (2 ,  3)(4 ,  6)(7 ,  8)
 on  *  . This permutation , together with the elements of  U 3 (2) ,  generates a subgroup of
 order 144 in  P G U 3 (2) .  So , by Remark 3 , this group is  P  ¸  U 3 (2) .
 Similarly , if ( x 0  ,  x 1  ,  x 2 )  S  ( v  2 x θ 0  ,  x  θ 1  ,  x θ 2  ) stabilizes  K ,  then it induces the permutation
 (2 ,  3)(4 ,  5)(7 ,  9) on  *  .
 This permutation together with the elements of  U 3 (2) again generates  P  ¸  U 3 (2) .  h
 R EMARK 8 .  By [7 , p . 205] , these 72-arcs only can be complete in  PG (2 ,  256) and in
 PG (2 ,  1024) .
 In  PG (2 ,  1024) ,  these 72-arcs seem far from complete . A partial computer search
 looking for points extending the 72-arcs determined by the orbits under  U 3 (2) of
 (1 ,  w ,  w 2 )  and (1 ,  w 3 ,  w  1 0 8 ) , w  1 0  1  w 3  1  1  5  0 ,  gave more than 2  ?  q  5  2048 points
 extending the 72-arcs .
 In  PG (2 ,  256) ,  totally dif ferent results were obtained .
 The 72-arcs in  PG (2 ,  256) ,  defined by the orbits under  U 3 (2) of (1 ,  w ,  w 8 ) ,  (1 ,  w ,  w 3 2 )
 and (1 ,  w  2 ,  w  1 1 ) , w  8  1  w  4  1  w 3  1  w 2  1  1  5  0 ,  could only be extended to a larger arc by
 the 12 points of the standard subplane  PG (2 ,  4) ,  not belonging to  *  :  X  3 0  1  X
 3
 1  1  X
 3
 2  5  0 .
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 Hence , these 72-arcs could only be extended to 78-arcs . This number is obtained .
 The group  U 3 (2) ,  fixing the 72-arcs , has three subgroups of index two (Remark 1) , each
 partitioning  PG (2 ,  4)  \  *  into two 6-arcs . This gives six distinct 6-arcs . Using CAYLEY
 [2] , it was checked that all these 6-arcs extend the above-mentioned 72-arcs to
 complete 78-arcs , having the property of being stabilized by a subgroup of index two in
 U 3 (2) .
 The 72-arcs in  PG (2 ,  256) ,  defined by the orbit  K 1 of (1 ,  w
 2 ,  w 7 7 ) and , respectively ,
 the orbit  K 2 of (1 ,  w ,  w
 2 3 3 ) , w 8  1  w  4  1  w  3  1  w  2  1  1  5  0 ,  under  U 3 (2) ,  can only be
 extended to a larger arc by the 36 points in the orbit  O 1 of (1 ,  1 ,  w  1 8 ) and , respectively ,
 the orbit of  O 2 of (1 ,  1 ,  w  3 6 ) under  U 3 (2) .
 These 36 points never extend the corresponding 72-arc to a complete 108-arc .
 Therefore , this led to an analogous investigation , as for the 72-arcs , which could be
 extended to complete 78-arcs .
 The three subgroups of index two in  U 3 (2) each partition  O 1 and  O 2 in two orbits of
 size 18 . The 72-arc  K 1 is extended to a complete 90-arc by the orbits of  k h  ,  k l  in  O 1 and
 the 72-arc  K 2 is extended to a complete 90-arc by the orbits of  H  5  k h  ,  j l  in  O 2  .
 Therefore , in  PG (2 ,  256) ,  there exist complete 90-arcs stabilized by a subgroup of
 index two in  U 3 (2) .
 These results lead to the following theorem .
 T HEOREM 11 .  In PG (2 ,  256) , there exist complete  78- arcs and complete  90- arcs
 stabilized by a subgroup of index two in U 3 (2) .
 7 .  C ONCLUSIONS
 T HEOREM 12 .  Let K be a k - arc in PG (2 ,  q ) , q e y  en , fixed by a transiti y  e irreducible
 group fixing no triangle in PG (2 ,  q )  or in PG (2 ,  q 3 ) . Then K is one of the following
 arcs :
 (a)  K is a hypero y  al , fixed by A 6  , in a subplane PG (2 ,  4)  of PG (2 ,  q ) , q  5  2
 2 h .
 (b)  K is an  18- arc , fixed by ASL 2 (9) , in PG (2 ,  2
 2 h ) , h  >  2 , consisting of nine
 non - inflexional points on two cubic cur y  es from a syzygetic pencil .
 (c)  K is a  36- arc in PG (2 ,  2 2 h ) , h  >  4 , fixed by a group ASL 2 (9)  and either contained in
 a cubic cur y  e projecti y  ely equi y  alent to a Hermitian cur y  e in a subplane PG (2 ,  4)  or
 consisting of  18  non - inflexional points on two cubic cur y  es from a syzygetic pencil .
 (d)  K is a  72- arc in PG (2 ,  2 2 h ) , h  >  4 , fixed by a group U 3 (2)  and either contained in a
 cubic cur y  e projecti y  ely equi y  alent to a Hermitian cur y  e in a subplane PG (2 ,  4)  or
 consisting of  18  non - inflexional points on four cubic cur y  es defining an equianharmonic
 tetrad in a syzygetic pencil .
 The  72- arcs contained in one cubic cur y  e only exist in PG (2 ,  2 2 h ) , h  >  5 .
 R EMARK 9 .  In order to achieve some sort of classification of transitive arcs in planes
 of even order , the arcs fixed by a transitive projective group  G  stabilizing a point , a line
 or a triangle in  PG (2 ,  q ) ,  or a triangle in  PG (2 ,  q 3 ) ,  need to be studied .
 With respect to the latter case , it is worth mentioning the following recent result ,
 discovered independently by T . Maruta [12] and T . Szo U nyi [16] . Let us recall that the
 subgroup of  PGL 3 ( q ) stabilizing a triangle in  PG (2 ,  q
 3 ) is a group  k a  ,  b  l  of order
 3( q 2  1  q  1  1)  generated by a Singer cycle  a  ,  i . e . a transformation acting regularly on
 the points of  PG (2 ,  q ) and fixing the three vertices of the triangle , and a transforma-
 tion  b  of order 3 permuting cyclically the three vertices of the triangle [6 , p . 157] .
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 T HEOREM 13 .  Let k be a fixed integer and let q  5  p h , p a prime , where k di y  ides
 q 2  1  q  1  1 .
 With only a finite number of exceptions for the prime number p , the orbits of size k
 under the cyclic subgroup H of order k of a cyclic Singer group G of PG (2 ,  q )  are
 k - arcs .
 The best known examples of  k -arcs of this type are the cyclic ( q 2  2  q  1  1)-arcs in
 PG (2 ,  q 2 ) ,  which are the intersection of two Hermitian curves [1 ,  3] .
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